A natural generalization of bent functions is a class of functions from F n 2 to Z 2 k which is known as generalized bent (gbent) functions. The construction and characterization of gbent functions are commonly described in terms of the Walsh transforms of the associated Boolean functions. Using similar approach, we first determine the dual of a gbent function when n is even. Then, depending on the parity of n, it is shown that the Gray image of a gbent function is (k − 1) or (k − 2) plateaued, which generalizes previous results for k = 2,3, and 4. We then completely characterize gbent functions as algebraic objects. More precisely, again depending on the parity of n, a gbent function is a (k − 1)-dimensional affine space of bent functions or semi-bent functions with certain interesting additional properties, which we completely describe. Finally, we also consider a subclass of functions from F n 2 to Z 2 k , called Z q -bent functions (which are necessarily gbent), which essentially gives rise to relative difference sets similarly to standard bent functions. Two examples of this class of functions are provided and it is demonstrated that many gbent functions are not Z q -bent.
where "·" denotes an inner product on V n . When V n = F n 2 we may take the dot product, whereas in the case of a finite field with 2 n elements F 2 n the standard inner product is x · y = Tr n (x y) for x, y ∈ F 2 n , where Tr n (z) denotes the absolute trace of z ∈ F 2 n .
A function f ∈ B n is called bent if W f (u) has absolute value 2 n/2 , for all u ∈ V n . It is well-known that a bent function f on V n is a characteristic function of an elementary additive abelian difference set with parameters (2 n , 2 n−1 ± 2 n/2−1 , 2 n−2 ± 2 n/2−1 ), see [4] , [17] . Since W f (u) is an integer, for a bent function we have W f (u) = 2 n/2 (−1) f * (u) for a Boolean function f * ∈ B, called the dual of f , which then is also bent. Obviously, Boolean bent functions only exist when n is even. When n is odd, a semi-bent function is defined as a function f ∈ B n for which W f (u) ∈ {0, ±2 n+1 2 } for all u ∈ V n . A function f ∈ B n is called s-plateaued if its Walsh spectrum only takes three values 0 and ±2 n+s 2 (0 ≤ s ≤ n). Note that n and s must have the same parity.
Many more variants of bent functions, like bent functions in odd characteristic, vectorial bent functions from F n p to F m p , negabent functions, bent 4 functions, all corresponding to relative difference sets in respective groups, have been investigated. The reader is referred to, for instance, the articles [5] , [9] , [18] , [20] , [23] , [24] , [27] , [29] and the recent survey article [21] . For a very general viewpoint considering bent functions over arbitrary abelian groups, we refer to [19] .
For a positive integer q, let Z q be the ring of integers modulo q. We call a function f from V n to Z q a generalized Boolean function, and denote the set of generalized Boolean functions from V n to Z q by GB q n . If q = 2, then f is Boolean, and GB 2 n = B n . Having applications of functions from V n to Z 4 in code-division multiple access systems in mind, Schmidt [22] introduced a class of functions which is called generalized bent (gbent) . A function f ∈ GB q n for which the generalized Walsh-Hadamard transform (GWHT) at point u ∈ V n , defined as the complex valued function
where ζ q = e 2πi/q (or any other complex qth-primitive root of unity), has absolute value 2 n/2 for all u ∈ V n , is called a generalized bent function. Note that when f is Boolean, then H (2) f (u) = W f (u). In this paper, q will always be a power of 2, if not stated otherwise. A trivial example of a gbent function 0018-9448 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
from V n to Z 2 k , thus of a function f satisfying |H (2 k ) f (u)| = 2 n/2 for all u ∈ V n , is the function f (x) = 2 k−1 a(x) for a Boolean bent function a(x). The set of output values of this function being {0, 2 k−1 } ∼ = F 2 , gives a natural isomorphism between a and f . One of the main goals of this article is to exactly describe the (nontrivial) objects satisfying the above gbent condition, see Theorems 3 and 4.
Currently, there is a lot of research activity regarding the construction and analysis of gbent functions, see for instance [6] [7] [8] , [10] [11] [12] , [14] , [22] , [24] [25] [26] . In a recent paper [28] , gbent functions were characterized via relations between the Walsh transforms of their component functions (see (3) for the definition of component functions). In particular it follows that gbent functions can be seen as affine spaces of bent respectively semi-bent functions, which was also observed in some earlier articles. In this paper, among other results, we precisely describe the properties of these affine spaces which completes the characterization of gbent functions as algebraic objects. This particular characterization has some important implications when a decomposition of gbent functions is considered [13] , at the same time allowing us to develop the equivalence concept for gbent functions which is a crucial step for their possible classification.
This article is organized as follows. Some relevant concepts and definitions are collected in Section II. In Section III, we specify the dual of any gbent function for any q = 2 k when n is even, which is the first general treatment of the dual of gbent functions. Recall that for a gbent function f ∈ GB 2 k n we always have H
, (except for the case that n is odd and k = 2), for some function f * ∈ GB 2 k n which is then called the dual of f , see [11] . As pointed out in [12] , f * is also a gbent function. A natural connection between gbent functions and the so-called Gray images is investigated in the second part of Section III. It is shown that the Gray image of a gbent function f ∈ GB 2 k n is (k − 1)-plateaued if n is even, and (k − 2)-plateaued if n is odd. This generalizes the results on the Gray images of gbent functions given in [11] and [24] for k = 2, 3 and 4.
In Section IV, we give a complete characterization of gbent functions as affine (semi-)bent spaces which also must satisfy some additional properties (which we precisely describe). Employing the standard notion of equivalence, we then show that gbent functions and these underlying affine spaces of bent (semi-bent) functions are identical objects.
In Section V, we discuss a subclass of gbent functions from V n to Z 2 k which we call Z q -bent functions. We emphasize that gbent functions conceptually do not correspond to bent functions, since in the definition of GWHT not all characters of V n × Z 2 k are considered, see Section V for further details. Thus, in general, gbent functions do not give rise to relative difference sets in the group V n × Z 2 k . Nevertheless, defining Z q -bent functions as a class of functions f ∈ GB 2 k n for which
for all u ∈ V n and all nonzero α ∈ Z 2 k , a direct correspondence to relative difference sets is achieved. Whereas there are several constructions of gbent functions, a class of Z q -bent functions seems not to be easy to obtain. We provide two examples of Z q -bent functions, thus at the same time identifying the associated relative difference sets. It is also demonstrated that many gbent functions are essentially not Z q -bent, thus the question regarding efficient construction methods of Z q -bent functions (different from Z q -bent functions from spreads) is left open.
II. PRELIMINARIES
A (1, −1)-matrix H of order p is called a Hadamard matrix if H H T = pI p , where H T is the transpose of H , and I p is the p × p identity matrix. A special kind of Hadamard matrix is the Sylvester-Hadamard or Walsh-Hadamard matrix, denoted by H 2 k , which is constructed recursively using Kronecker product
For technical reasons we start the row and column index of H 2 k with 0, and we denote the r -th row of
which also implies an ordering of the elements of F k 2 . We summarize some properties of the Sylvester-Hadamard matrix in the following lemma. The first one follows from the recursive definition of H 2 k , the second is the well-known property that each row of H 2 k is the evaluation of some linear function. The third one may be less known and the lengthy proof of this property is given in Appendix.
Lemma 1: The Silvester-Hadamard matrix H 2 k has the following properties:
(i) Each row of H 2 k is uniquely determined by the signs of the entries at positions 2 s , s = 0, 1, . . . , k − 1.
Remark 1: The third item (iii), in disguised form, is related to the fact that the dual of the first order Reed-Muller code RM(1, n) is the (n − 2)-th order Reed-Muller code, which is generated by 2-dimensional subspaces. Hadamard matrices are a suitable tool to analyze gbent functions, as the following observations from [8] indicate. Namely, to any generalized Boolean function f : V n → Z 2 k , we may associate the sequence of Boolean functions a j ∈ B n , j = 0, 1, . . . , k − 1, for which
For an element u ∈ V n , let W(u) = (W g 0 (u), W g 1 (u), . . . , W g 2 k−1 −1 (u)) and let S(u) = (S 0 , S 1 , . . . , S 2 k−1 −1 ) be the vector defined by
In [8] the following proposition has been shown. Proposition 1: [8] Let f ∈ GB 2 k n and u ∈ V n . Then
III. GBENT CONDITIONS, DUALS AND GRAY MAPS
We start with a lemma giving both necessary and sufficient conditions on the Walsh transforms of the component functions, related to the gbentness of a function f ∈ GB 2 k n given as in (2) . These conditions have initially been observed in [8] but only the sufficiency of these conditions could have been proved in [8] .
Lemma 2: Let f (x) = a 0 (x) + · · · + 2 k−2 a k−2 (x)
for some r , 0 ≤ r ≤ 2 k−2 − 1, depending on u (0 2 k−2 is the all-zero vector of length 2 k−2 ). The proof of this lemma is omitted since a similar result (stated in a slightly different form) to Lemma 2 has been obtained independently by Tang et al. [28] , and its proof has already appeared. Nevertheless, throughout this article we will use Lemma 2 for different purposes, such as to specify the dual of a given gbent function for even n and to characterize the image of generalized Gray maps associated to gbent functions. Moreover, Lemma 2 will be used together with in Section IV to give a complete characterization of gbent functions as algebraic objects.
A. The Dual of Gbent Functions
Now we specify the dual of a gbent function f ∈ GB 2 k n for n even. We omit here the analysis of the dual for n odd because the component functions of f are then semi-bent and the description of the dual of f for n even cannot transfer to n odd in a straightforward manner (the description of the dual would be less compact).
Theorem 1: Let n be even and f ∈ GB 2 k n be a gbent function given as
Then the dual f * ∈ GB 2 k n of the function f is given as follows: 
Combining the above two equations, we get u) .
Theorem 1 generalizes the results in [14] where a similar conclusion was stated for k = 2, 3 only.
B. The Gray Image of Gbent Functions
The generalized Gray map (associated to gbent functions) is related to plateaued functions as it was shown in [26] and [11] for q = 4, 8, 16. This connection to plateaued functions is now shown to be valid for any q = 2 k and regardless of the parity of n.
Recall that the generalized Gray map ψ( f ) :
We recall the following result which specifies the Walsh spectra of generalized Gray map.
We now generalize the connection of the Gray map, associated to a gbent function in GB 2 k n , to certain plateaued functions.
Proposition 2: Let f ∈ GB 2 k n be a gbent function. We have that: 1) 1) If n is even,
2) Recall that for any u ∈ V n we have
which completes the proof. Remark 2: In general, the converse of Proposition 2 does not hold, as it was pointed out in [11, Sec. 4] by an example. Note also that Proposition 2 holds for any even q if f is constructed as in Theorem 4.1 [8] .
IV. GBENT FUNCTIONS AND AFFINE (SEMI-)BENT SPACES
Gbent functions were originally defined as functions f :
Boolean bent function a(x). Towards a possible classification of gbent functions, such a function simply has to be identified with the Boolean bent function a(x) (seen as a gbent function into F 2 ). This observation has not been emphasized enough in the literature on gbent functions. Another possible source of confusion is the fact that in general a gbent function is not a bent function, as already mentioned in the introduction. Nevertheless, even without this combinatorial property (without the correspondance to relative difference sets in general) gbent functions do give rise to affine spaces of (semi-)bent functions which makes them interesting objects from the structural point of view. Some questions, concerning the structure of these spaces, immediately arise.
Question 1: Which affine spaces of bent or semi-bent functions correspond to gbent functions and what are their defining properties? Affine spaces of bent (semi-bent) functions can be easily obtained from vectorial bent (semi-bent) functions. The additional conditions in Lemma 2 on the Walsh transforms of the component functions indicate, but yet not prove, that affine spaces of bent (semi-bent) functions from gbent functions might satisfy certain special properties. Even more fundamental is the following question.
Question 2: Are gbent functions and affine spaces of bent (semi-bent) functions the same objects? We notice that a vectorial bent function f : V n → F m 2 is a vector space of bent functions of dimension m (invariant to a basis change), and the question is whether this invariance is preserved for gbent functions. We first give a positive answer to the second question, which leads to an exact description of the properties of the affine spaces which are gbent functions.
Using Lemma 1-(iii), we first develop gbent conditions in terms of affine bent spaces for even n. Considering the relation (5) and the definition of the dual g * of a bent function g, the equality
if z j ⊕ z c ⊕ z l ⊕ z v = 0, we obtain the following corollary from Lemma 2.
Corollary 1: A function f : V n → Z 2 k , n even, given as f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−1 a k−1 (x) is gbent if and only if A = a k−1 ⊕ a 0 , a 1 , . . . , a k−2 is an affine vector space of bent functions such that for any
Corollary 1 generalizes an observation in [14] , where the relations between octal gbent functions and a secondary construction of bent functions proposed by Carlet [2] were investigated. We state the version of the construction in [2] given by Mesnager [15] .
Proposition 3: [15, Th. 4] Let g 0 , g 1 , g 2 , g 3 be bent functions from V n to F 2 such that g 0 ⊕ g 1 ⊕ g 2 ⊕ g 3 = 0. Then, the function
Combining Corollary 1 and Proposition 3, we get an interesting alternative description of gbent functions in GB 2 k n when n is even.
n is a gbent function if and only if A = a k−1 ⊕ a 0 , a 1 , . . . , a k−2 is an affine vector space of bent functions such that for every (pairwise distinct) g i , g j , g l ∈ A the function g i g j ⊕ g i g l ⊕ g j g l is bent.
Remark 3: Note that if the bent functions g i , g j , g l are not pairwise distinct, then g i g j ⊕ g i g l ⊕ g j g l is trivially bent.
To address the case when n is odd, we show the following analog of Proposition 3 for semi-bent functions. This result gives rise to a secondary construction of semi-bent functions, hence it has its own importance and we state it as a theorem.
Theorem 2: Let g 0 , g 1 , g 2 , g 3 be semi-bent functions from V n to F 2 such that g 0 ⊕ g 1 ⊕ g 2 ⊕ g 3 = 0. Then, the function
is semi-bent if and only if for all u ∈ V n , W g i (u) = 0 for an even number of i ∈ {0, 1, 2, 3}, and if W g i (u) = 0 for all i ∈ {0, 1, 2, 3}, then
or
Proof: By [2, Lemma 1] (see also [15, Proposition 2] ), for (pairwise distinct) Boolean functions g 0 , g 1 , g 2 , g 3 such that g 0 ⊕ g 1 ⊕ g 2 ⊕ g 3 = 0, the Walsh-Hadamard transform of g = g 0 g 1 ⊕ g 0 g 2 ⊕ g 1 g 2 satisfies
for all u ∈ V n . The proof then follows easily by checking all possible combinations of W g i (u), i ∈ {0, 1, 2, 3}. Note that (8) is equivalent to W g i (u) = −2 (n+1)/2 for an even number of i ∈ {0, 1, 2, 3}. Remark 4: If for any u ∈ V n for which W g i (u) = 0, i = 0, 1, 2, 3, the condition (8) always holds, then g = g i g j ⊕ g i g l ⊕ g j g l is semi-bent for any {i, j, l} ⊂ {0, 1, 2, 3}. If for some of u ∈ V n we have (9) , then this is not true. The characterization of gbent functions, for odd n, in terms of the associated affine spaces of semi-bent functions is as follows.
n is a gbent function, then A = a k−1 ⊕ a 0 , a 1 , . . . , a k−2 = a k−1 ⊕ L is an affine vector space of semi-bent functions such that for every (pairwise distinct) g i , g j , g l ∈ A the function G = g i g j ⊕ g i g l ⊕ g j g l is semi-bent. Moreover, for every u ∈ V n we have Conversely, assume A = a k−1 ⊕ L is an affine vector space of semi-bent functions such that for every (pairwise distinct) g i , g j , g l ∈ A the function G = g i g j ⊕ g i g l ⊕ g j g l is semibent, and A = a k−1 ⊕ a k−2 , L 1 for some subspace L 1 of L and a k−2 ∈ L 1 , with the property that for all u ∈ V n we have 
Then, f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−3 a k−3 (x)
Proof: Let f (x) = a 0 (x)+2a 1 (x)+· · ·+2 k−1 a k−1 (x) be a gbent function from V n to Z 2 k , n odd, and for 0
where (i 0 , i 1 , . . . , i k−2 ) = z i is the binary representation of i . By Lemma 2 (ii), g i is semi-bent for all 0 ≤ i ≤ 2 k−1 − 1 and
is the binary representation of i . Since i k−2 ⊕ j k−2 ⊕l k−2 ⊕v k−2 = 0, the following situations can then occur:
In the latter case, combining Lemma 2 and Lemma 1 (iii),
In both cases, by Theorem 2, G is semi-bent. (ii) 2 k−2 ≤ i, j, l, v ≤ 2 k−1 − 1: The same argument as for (i) applies to this case.
are zero, hence by Theorem 2 G is semi-bent. Finally, (10) follows directly from (12) .
To show the converse, we first note that (11) implies that exactly 2 k−2 entries of W(u) are zero, all of them being located either at the first or at the second half of W(u). Since we suppose that g i g j ⊕ g i g l ⊕ g j g l is semi-bent for all (pairwise distinct) g i , g j , g l ∈ A, by Theorem 2 and Remark 4, then the nonzero half of W(u) equals to ±2 n+1 2 H (r) 2 k−2 for some 0 ≤ r ≤ 2 k−2 − 1. As a consequence, f is gbent by Lemma 2-(ii).
A. Equivalence of Gbent Functions
As already demonstrated, a gbent function f (x) = a 0 (x) + 2a 1 (x)+· · ·+2 k−2 a k−2 (x)+2 k−1 a k−1 (x) gives rise to an affine space A = a k−1 ⊕ a 0 , . . . , a k−2 of (semi-)bent functions, characterized with some additional properties. Therefore, it is natural to investigate its correspondence to apparently similar class of functions, namely to vectorial bent functions. Recall that a vectorial bent function F : V n → F k 2 , n even and k ≤ n/2, is a function
is bent. Equivalently, F is a k-dimensional vector space of bent functions with a basis {a 0 , a 1 , . . . , a k−1 }. The vectorial bent property is invariant to any change of the basis since performing a coordinate transformation on F k 2 does not change the vector space.
The gbent property in Corollaries 1-3 is characterized using some affine space A and is irrelevant of its representation. Note that this cannot be deduced directly from the characterization in Lemma 2, where the ordering of the components seemed to play a role. As for (vectorial) bent functions, one can obtain seemingly new gbent functions from a given one by applying a coordinate transformation on V n . Let f : V n → Z 2 k and let A be an invertible n × n-matrix over F 2 . Then for u ∈ V n , it can be easily verified that [26, Th. 5] ). Hence, f (Ax) is gbent if and only if f is gbent, i.e., gbentness is invariant under linear coordinate transformations on V n .
Additionally, assume that a k−1 ⊕ a 0 , a 1 , . . . , a k−2 and b k−1 ⊕ b 0 , b 1 , . . . , b k−2 are two representations of the same (gbent) affine space of bent functions. Then, for even n, we have that
When n is odd, the condition is that the coordinate transformation induced by B leaves the subspace L 1 = a 0 , . . . , a k−3 invariant.
Recall that for a bent function a(x), the function f (x) = 2 k−1 a(x) trivially satisfies |H f (u)| = 2 n/2 , for all u ∈ V n . However it does not describe a new object of interest, the dimension of its affine space is 0, the image set of f is two-valued and belongs to {0, 2 k−1 }. Certainly, one will not consider a k−1 and 2 k−1 a k−1 as different objects. In general, it is easily verified that if
is a gbent function in GB 2 k n , theñ f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 r−1 a k−1 (x) is a "gbent" function in GB 2 r n , for any r ≥ k. However, this f which is a quite artificial lifted version of f with restricted image set ( f andf keep fixed the same affine space of bent functions) is essentially identified with f ∈ GB 2 k n . Moreover, as we can represent a vector space a 0 , a 1 , . . . , a r−1 of dimension k − 1, for some k ≤ r ,
is equivalent tõ
which is the lifted version of
We observe that, when n is odd, in a similar way f induces a "gbent" functionf in GB 2 r n , for any r ≥ k. As a consequence, it suffices to consider gbent functions f (
n for which {a 0 , a 1 , . . . , a k−2 } is linearly independent, otherwise f reduces to a gbent function in GB 2 k n for some k < k. As this fact is fundamental for the characterization and classification of gbent functions, we give the following definition.
Definition 1: A gbent function f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−2 a k−2 (x) + 2 k−1 a k−1 (x) ∈ GB 2 k n is said to be an irreducible gbent function, if {a 0 , a 1 , . . . , a k−2 } is a set of linearly independent functions.
We can now state the main theorems (slightly modified versions of Corollary 2 and 3), which precisely describe the nontrivial objects one obtains with the condition that |H f (u)| = 2 n/2 for all u ∈ V n .
Theorem 3: Let n be even. An irreducible gbent function in GB 2 k n , k > 1, is a (k − 1)-dimensional affine vector space A of bent functions such that for every g i , g j , g l ∈ A the function g i g j ⊕ g i g l ⊕ g j g l is bent. The gbent property is invariant under any affine transformation of the input space V n as well as any affine transformation performed on its coordinate functions.
Theorem 4: Let n be odd. An irreducible gbent function in GB 2 k n is a (k − 1)-dimensional affine vector space A = a k−1 ⊕ L of semi-bent functions for which g i g j ⊕ g i g l ⊕ g j g l is semi-bent for every g i , g j , g l ∈ A, and for all u ∈ V n we have W g (u) = 0 if and only if g ∈ a k−1 ⊕ L 1 , or W g (u) = 0 if and only if g ∈ a k−1 ⊕ L 1 , for some (k − 2)-dimensional subspace L 1 of L. The gbent property is invariant under any affine transformation of the input space V n as well as any affine transformation (with the above restriction) performed on its coordinate functions.
Remark 5: We emphasize the importance of specifying the dimension (thus irreducibility) of a gbent function from V n to the cyclic group Z 2 k of order 2 k . For instance, the gbent function 2 k−1 a(x), where a(x) is bent, maps into a cyclic group of order 2 and not of order 2 k . An interesting question on gbent functions is the following: What is the largest k for which a (irreducible) gbent function from V n to Z 2 k exists? Recall that the largest dimension k of a linear space of bent functions is k = n/2, whereas a linear space of semi-bent functions can have dimension k = n (almost bent function). Hence, these functions may behave differently in this aspect depending on the parity of n. Note that with a vectorial bent function of dimension k = n/2 and the set of all linear functions over F n 2 , one can construct an affine space of bent function of dimension 3n/2 − 1 given by a 1 ⊕ a 2 , . . . , a n/2 , l 1 , . . . , l n , where a 1 , . . . , a n/2 is a vector space of bent functions and l 1 , . . . , l n is a set of (independent) linear functions. Nevertheless, this maximal k for a subclass of gbent functions from V n to Z 2 k treated in the next section is k = n/2.
V. Z q -BENT FUNCTIONS, VECTORIAL BENT FUNCTIONS AND RELATIVE DIFFERENCE SETS In this section, n is always even, q = 2 k . We recall that a function from V n to Z q is bent if
has absolute value 2 n/2 for every u ∈ V n and nonzero α ∈ Z q = Z 2 k . In difference to the definition of gbent functions the above characterization involves all the characters of V n × Z q which are of the form χ u,α (x, y) = (−1) αy⊕u·x , for u ∈ V n and α ∈ Z q . In this context, a suitable structure over which a relative difference set is defined (see e.g. [19] , [20] ) is the graph of a function f : V n → Z q given by D = {(x, f (x)) :
x ∈ V n } and the set of characters is then χ u,α (x, f (x)) = (−1) α f (x)⊕u·x , for u ∈ V n and α ∈ Z q . The identification between bent (perfect nonlinear) functions and relative difference sets is discussed in a much wider context (considering mappings over two abelian groups) in [19] .
To emphasize the connection to relative difference sets, a gbent function f : V n → Z q for which H f (α, u) = 2 n/2 for every u ∈ V n and nonzero α ∈ Z q , is called a Z q -bent function. Equivalently, a Z q -bent function given by its graph D is a (2 n , 2 k , 2 n , 2 n−k )-relative difference set in V n × Z 2 k with a forbidden subgroup {0} × Z 2 k . Clearly, a Z q -bent function is always gbent but the converse in general does not hold.
Theorem 5: A function f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−1 a k−1 (x) ∈ GB 2 k n , n even and k ≤ n 2 , is Z q -bent if and only if a 0 (x) + 2a 1 (x) + · · ·+ 2 k−t −1 a k−t −1 (x) ∈ GB 2 k−t n is a gbent function with dimension k −1−t for every t = 0, 1, . . . , k −1.
Proof: If f is Z q -bent then |H
f (2 t , u)| = 2 n/2 , for every u ∈ V n and t = 0, 1, . . . , k − 1, by definition. Conversely, as Q(ζ 1 ) and Q(ζ 2 ) are isomorphic for two primitive roots of unity ζ 1 , ζ 2 of the same order, we solely require that |H (2 k ) f (2 t , u)| = 2 n/2 for every u ∈ V n and t = 0, 1, . . . , k −1. Identifying 2 t f (x) with a 0 (x)+2a 1 (x)+· · ·+ 2 k−t −1 a k−t −1 (x), the result follows.
Remark 6: As for a Z q -bent function in GB 2 k n we require that both f = a 0 (x) + 2a 1 (x) + · · · + 2 k−1 a k−1 (x) ∈ GB 2 k n and f 1 (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−2 a k−2 (x) ∈ GB 2 k−1 n are gbent, thus a 0 , a 1 , . . . , a k−1 is a vector space of bent functions, i.e., a vectorial bent function. Consequently, it has to be the case that k ≤ n 2 , due to the Nyberg's bound [16] . We continue with two examples of Z q -bent functions. For the first example, we employ the fact that h(x, y) = Tr m (xπ(y)) is a (Maiorana-McFarland) bent function from F 2 m ×F 2 m to F 2 if and only if π is a permutation of F 2 m . Example 1: This example is based on the result in [14, Corollary 3] . Let m be an integer divisible by 4 but not by 5. Let also b, c ∈ F * 2 m with b 4 + b + 1 = 0, and d be the multiplicative inverse of 11 modulo 2 m −1. Then, the function f :
is gbent [14] . Now observe that Tr
Our second example, employing spreads, is a standard example of bent functions from V n to groups of order 2 k , k ≤ n/2. We recall that a spread of V n , n = 2m, is a family S of 2 m + 1 subspaces U 0 , U 1 , . . . , U 2 m of V n , whose pairwise intersection is trivial. The classical example is the regular spread, which for V n = F 2 m ×F 2 m is represented by the family
For the regular spread in V n = F 2 n we can take the family S = {α i F 2 m : i = 1, . . . , 2 m + 1}, where {α i : i = 1, . . . , 2 m + 1} is a set of representatives of the cosets of the subgroup F * 2 m of the multiplicative group F * 2 n (one may take the set of the (2 m + 1)-th roots of unity).
Example 2: Let U 0 , U 1 , . . . , U 2 m be the elements of a spread of V n , n = 2m. We first construct a vectorial bent function F, and thereafter a Z q -bent function f . We notice that F and f are connected as discussed in Remark 6.
Let φ : {1, 2, . . . , 2 n/2 } → F k 2 be a balanced map, thus any y ∈ F k 2 has exactly 2 n/2−k preimages in the set {1, 2, . . . , 2 n/2 }. Then, the function F : V n → F k 2 given by
is a vectorial bent function, see e.g. [3, Th. 4] . If a i ∈ B n , 0 ≤ i ≤ k −1, are the coordinate functions of F, i.e. if F(x) = (a 0 (x), a 1 (x), . . . , a k−1 (x)), then F is the vector space of bent functions given as a 0 , a 1 , . . . , a k−1 .
We now proceed with the construction of a Z q -bent function. From the balanced map φ, we obtain in a natural way a balanced mapφ from {1, 2, . . . , 2 n/2 } to Z 2 k defined as φ(s) = y 0 +2y 1 +· · ·+2 k−1 y k−1 if φ(s) = (y 0 , y 1 , . . . , y k−1 ). Then the function [12, Th. 12] . Written in the form (2) , f is then represented as f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−1 a k−1 (x), with the Boolean functions a i , 0 ≤ i ≤ k − 1, given as above.
We can change the representation of the vectorial bent function F in the previous example by changing the basis from {a 0 , a 1 , . . . , a k−1 } to {a 0 , a 1 , . . . , a k−1 }. The same vectorial bent function has then the representation F(x) = {a 0 (x), a 1 (x), . . . , a k−1 (x)}. This change of the basis implies a modification of φ andφ, and results then in an alternative formal expression of the same Z q -bent function.
We emphasize that the property of being Z q -bent is much stronger than the property of being vectorial bent. Z qbent functions are very interesting vectorial bent functions since they correspond to two relative difference sets with parameters (2 n , 2 k , 2 n , 2 n−k ). First of all, being vectorial bent, they correspond to the relative difference set D = {(x, a 0 (x), a 1 (x), . . . , a k−1 (x)) : x ∈ V n } in V n × F k 2 , and secondly, to the relative difference set R = {(x, a 0 (x) + 2a 1 (x) + · · · + a k−1 (x)) : x ∈ V n } in V n × Z 2 k . Moreover, further relative difference sets are enclosed in such a vector space of bent functions, the relative difference sets of bent functions of the form g i g j ⊕ g i g l ⊕ g j g l for some component functions g i , g j , g l . These bent functions are in general not component functions of a vectorial bent function, hence their relative difference sets are not projections of D. Here we have provided a first systematic description of this class of vectorial bent functions. There are many questions on analysis and construction of such functions which one can investigate. We are convinced that this class of functions is an interesting target for future research.
We close this section by pointing out that in general the construction of gbent functions, such as the method based on spreads in [12] , does not provide Z q -bent functions. Let U 0 , U 1 , . . . , U 2 m be the elements of a spread of V n , n = 2m. , where q = 2 k so that f : Z n 2 → Z 2 k and g is an arbitrary generalized function. Then, for t = 1 we have that 2 t f (x, y) = 2 f (x, y) = 2g(y). Apparently, by selecting g(y) not to be gbent then automatically f is not Z q -bent.
VI. CONCLUSIONS
In this paper we have shown that a function f : V n → Z 2 k given as f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−1 a k−1 (x) is gbent if and only if a k−1 ⊕ a 0 , . . . , a k−2 forms an affine space of bent functions when n is even, and semi-bent functions when n is odd, with certain additional properties which we precisely describe. This identification allows us to develop an equivalence concept based on the underlying affine spaces, which is useful for a possible classification of gbent functions. In this context, we have also introduced the concept of irreducible gbent functions, referring to those functions for which the set {a 0 , a 1 , . . . , a k−2 } is linearly independent. By specifying the dual of gbent functions (for even n and any q = 2 k ) and showing that the Gray image of a gbent function is a certain plateaued function we achieve a complete description of these algebraic objects. The main research challenge lies in finding additional design methods for constructing so-called Z q -bent functions (a subclass of gbent functions) which correspond to relative difference sets.
APPENDIX

Proof of Lemma 1-(iii):
Let W = (w 0 , w 1 , . . . , w 2 k −1 ) = ±H (r) 2 k for some (fixed) r ∈ {0, . . . , 2 k − 1}, and let j, c, l, v ∈ {0, . . . , 2 k − 1} be arbitrary distinct integers such that z j ⊕ z c ⊕ z l ⊕ z v = 0. By (ii), H (r) 2 k = ((−1) z r ·z 0 , (−1) z r ·z 1 , . . . , (−1) z r · z 2 k −1 ). Hence relation (1) can be written as (−1) z r ·z j (−1) z r ·z c = (−1) z r ·z l (−1) z r ·z v , or equivalently (−1) z r ·(z j ⊕z c ⊕z l ⊕z v ) = 1, which is satisfied for z j , z c , z l , z v with z j ⊕ z c ⊕ z l ⊕ z v = 0.
Suppose conversely that (1) holds for all j, c, l, z, v with z j ⊕ z c ⊕ z l ⊕ z v = 0. Then, to show that W = ±H (r) 2 k for some r , 0 ≤ r ≤ 2 k − 1, we proceed by induction on k. Trivially it holds for k = 1, since ±H (r) 2 , r = 0, 1, covers all possible combinations for (w 0 , w 1 ). For k = 2, we first notice that all solutions of the equality w 0 w 1 = w 2 w 3 with w i = ±1, i = 0, 1, 2, 3, are the quadruples (w 0 , w 1 , w 2 , w 3 ) containing an even number of −1s. As it is easy to see, all such quadruples W are of the form W = (w 0 , w 1 , ±(w 0 , w 1 )), hence equal to ±H (r) 4 for some r ∈ {0, 1, 2, 3}. Before we continue with the induction proof, we also add the argument for k = 3. With the above argument applied to the quadruples (4, 5, 6, 7) and (0, 1, 4, 5), we get (w 6 , w 7 ) = ±(w 4 , w 5 ) and (w 4 , w 5 ) = ±(w 0 , w 1 ). Consequently, (w 0 , . . . , w 7 )
= (w 0 , w 1 , ±(w 0 , w 1 ), ±(w 0 , w 1 , ±(w 0 , w 1 ))) = ±(H (d)
Now suppose that the following holds for a tuple W = (w 0 , w 1 , . . . , w 2 k−1 −1 ) of length 2 k−1 with entries in {−1, 1}: If for all 0 ≤ j < c < l < v ≤ 2 k−1 − 1 with z j ⊕ z c ⊕ z l ⊕ z v = 0 we have w j w c = w l w v , then W = ±H (r) 2 k−1 for some r ∈ {0, 1, . . . , 2 k−1 − 1}.
Let now W = (w 0 , w 1 , . . . , w 2 k −1 ), w i = ±1, i = 0, 1, . . . , 2 k − 1, such that w j w c = w l w v for all 0 ≤ j < c < l < v ≤ 2 k − 1 with z j ⊕ z c ⊕ z l ⊕ z v = 0. By induction hypothesis, we then have (w 0 , w 1 , . . . , w 2 k−1 −1 ) = ±H (r) 2 k−1 and (w 2 k−1 , w 2 k−1 +1 , . . . , w 2 k −1 ) = ±H (r) 2 k−1 for some r,r ∈ {0, 1, . . . , 2 k−1 − 1}. We have to show thatr = r , or equivalently w 2 k−1 + j = w j , j = 0, 1, . . . , 2 k−1 − 1, or w 2 k−1 + j = −w j , j = 0, 1, . . . , 2 k−1 − 1. By (i), it is sufficient to show that w 2 k−1 +2 s = w 2 s , s = 0, 1, . . . , k −2, or w 2 k−1 +2 s = −w 2 s , s = 0, 1, . . . , k − 2. We consider the quadruples ( j, c, l, v) = (0, 2 s , 2 k−1 , 2 k−1 + 2 s ), s = 0, 1, . . . , k − 2, for which z j ⊕z c ⊕z l ⊕z v = 0 always holds. Since they satisfy (1), either w 0 , w 2 s , w 2 k−1 , w 2 k−1 +2 s have all the same sign, or exactly two of them are negative. Consequently, if w 0 = w 2 k−1 , then we must have w 2 s = w 2 k−1 +2 s , s = 0, 1, . . . , k − 2, and if w 0 = −w 2 k−1 , then w 2 s = −w 2 k−1 +2 s , s = 0, 1, . . . , k − 2.
